We introduce a residual-based a posteriori error estimator for contact problems in two and three dimensional linear elasticity, discretized with linear and quadratic finite elements and Nitsche's method. Efficiency and reliability of the estimator are proved under a saturation assumption. Numerical experiments illustrate the theoretical properties and the good performance of the estimator.
Introduction
The computations of contact problems between deformable bodies are usually obtained with the finite element method [39, 51] . An important aspect for the user is to quantify the quality of the simulations by evaluating the discretization errors coming from the finite element approximation. This quantification requires the definition of a posteriori error estimators which can be of different types (residual based, equilibrated fluxes, smoothing of the stress fields . . . ). The main aim of the estimators is to furnish some information on the local error in order to adapt or refine the mesh and to reduce the computational costs.
Among the finite element discretizations for contact problems, a recent effort was devoted to Nitsche's method which can be seen as a consistent penalty formulation with only one primal unknown (like the penalty or the variational inequality formulation): the displacement field. In contrast to Nitsche's method, the Lagrange (stabilized or standard) methods admit the contact pressure as a supplementary unknown. Nitsche's method was introduced for the frictionless unilateral contact problem in a simple (symmetric) form in [15] then generalized and numerically investigated in [16] . In the latter references the theoretical results deal with well-posedness of the discrete problems and a priori error estimates in two and three space dimensions with linear and quadratic finite elements. A generalization to frictional contact problems is carried out in [14] (numerical analysis for Tresca friction) and [44] (numerical study for Coulomb friction). To our knowledge the a posteriori quantification of the discretization errors committed by the Nitsche finite element approximation has not been considered for unilateral contact problems up to now.
Nevertheless there are several studies concerning a posteriori error analyses for frictionless or frictional contact problems in [13, 24, 40, 52] (residual approach using a penalization of the contact condition or the normal compliance law), in [18, 19, 42, 48, 50] (equilibrated residual method), in [21, 43] (residual approach for BEM-discretizations), in [9, 46] (error technique measure developed in [6] ). Moreover a residual type estimator for the Signorini problem in its common formulation (variational inequality or mixed method) can be found in [30, 31, 45] and in the recent work [38] .
Finally we mention that only few works are devoted to a posteriori error estimates for Nitsche's method, and all concern linear boundary / interface conditions. For interface conditions and elliptic problems, Hansbo and Hansbo [26] introduce a residual type estimator for a Nitsche's unfitted treatment of the interface condition. They prove an upper bound on a linear functional of the error, in the spirit of Becker and Rannacher [7] . Note as well an early work of Becker [4] in the context of optimal control for Navier-Stokes equations, with a Nitsche treatment of Dirichlet boundary condition and an a posteriori error estimate for the functional to minimize. Residual error estimates are introduced as well by Becker, Hansbo and Stenberg in [5] for a Nitsche-based domain decomposition with non-matching meshes. Upper bounds both in H 1 and L 2 -norms are established, with help of a saturation assumption (as in [49] ) for the H 1 -norm. In the context of composite grids two variants of residual-based error estimates are proposed by Hansbo, Hansbo and Larson in [27] . Upper bounds in H 1 -norm without any saturation assumption are proposed for both of them. Later on Juntunen and Stenberg provide in [32] a residual-based error estimator for the stabilized Bassi-Rebay discontinuous Galerkin method, that relies on Nitsche's treatment of continuity. Upper and lower bounds are proven for this method. The same authors in [33] introduce a Nitsche's method for a general boundary condition, and an associated residual error estimator. They prove an upper bound in H 1 -norm under a saturation assumption (as in [10] ), and they establish a lower bound too. Finally let us mention two recent papers on the Brinkman problem by Juntunen, Könnö and Stenberg [34, 37] .
The paper is outlined as follows: in Section 2 the Nitsche's finite element discretization for contact problems in linear elasticity is described and the results dealing with well-posedness are recalled from [16] . In Section 3 a residual a posteriori error estimator is introduced, and we prove its reliability and efficiency. In Section 4 numerical experiments in 2D and 3D illustrate the theoretical results and allow to assess the quality of the estimator, for different values of the numerical parameters.
Let us introduce some useful notations. In what follows, bold letters like u, v, indicate vector or tensor valued quantities, while the capital ones (e.g., V, K . . .) represent functional sets involving vector fields. As usual, we denote by (H s (.)) d , s ∈ R, d = 1, 2, 3, the Sobolev spaces in one, two or three space dimensions (see [1] ) with the convention H 0 = L 2 . The usual norm (resp. semi-norm) of (H s (D)) d is denoted by · s,D (resp. | · | s,D ) and we keep the same notation for any d = 1, 2, 3. In the sequel the symbol | · | will either denote the Euclidean norm in R d , or the measure of a domain in R d . The letter C stands for a generic constant, independent of the discretization parameters.
For two scalar quantities a and b, the notation a b means there exists a constant C, independent of the mesh size parameters and of the Nitsche parameter γ 0 (see Section 2.2), such that a ≤ Cb. Moreover, a ∼ b means that a b and b a.
Setting

The unilateral contact problem
We consider an elastic body whose reference configuration is represented by the domain Ω in R d with d = 2 or d = 3. Small strain assumptions are made, as well as plane strain when d = 2. The boundary ∂Ω of Ω is polygonal or polyhedral and we suppose that ∂Ω consists in three nonoverlapping parts Γ D , Γ N and the (candidate) contact boundary Γ C , with meas(Γ D ) > 0 and meas(Γ C ) > 0. The (candidate) contact boundary is supposed to be a straight line segment when d = 2 or a polygon when d = 3 to simplify. The unit outward normal vector on ∂Ω is denoted n. In its initial stage, the body is in contact on Γ C with a rigid foundation (the extension to two elastic bodies in contact can be easily made, at least for small strain models) and we suppose that the unknown final contact zone after deformation will be included into Γ C . The body is clamped on Γ D for the sake of simplicity. It is subjected to volume forces f ∈ (L 2 (Ω)) d and to
The unilateral contact problem in linear elasticity consists in finding the displacement field u : Ω → R d verifying the equations and conditions (1)- (2):
where σ = (σ ij ), 1 ≤ i, j ≤ d, stands for the stress tensor field and div denotes the divergence operator of tensor valued functions. The notation ε(v) = (∇v+∇v T )/2 represents the linearized strain tensor field and A is the fourth order symmetric elasticity tensor having the usual uniform ellipticity and boundedness property. For any displacement field v and for any density of surface forces σ(v)n defined on ∂Ω we adopt the following notation
where v t (resp. σ t (v)) are the tangential components of v (resp. σ(v)n). The conditions describing unilateral contact without friction on Γ C are:
We introduce the Hilbert space V and the convex cone K of admissible displacements which satisfy the noninterpenetration on the contact zone Γ C :
We define as well
for any u and v in V. From the previous assumptions, we deduce that a(·, ·) is bilinear, symmetric, V-elliptic and continuous on V × V. Likewise we observe that L(·) is a continuous linear form on V. The weak formulation of Problem (1)- (2), as a variational inequality (see [25, 28, 35] ), reads as:
Stampacchia's Theorem ensures that Problem (3) admits a unique solution.
Finite element setting and Nitsche-based method
To approximate problem (3) we fix a family of meshes (T h ) h>0 , regular in Ciarlet's sense (see [17] ), made of closed elements and assumed to be subordinated to the decomposition of the boundary ∂Ω into Γ D , Γ N and Γ C . For K ∈ T h we recall that h K is the diameter of K and h := max
The regularity of the mesh implies notably that for any edge (or face when
Let us define E h as the set of edges (or faces when d = 3) of the triangulation and define E int h = {E ∈ E h : E ⊂ Ω} as the set of interior edges/faces of T h (the edges/faces are supposed to be relatively open). We denote by E N h = {E ∈ E h : E ⊂ Γ N } the set of boundary edges/faces that correspond to Neumann conditions, and similarly E C h = {E ∈ E h : E ⊂ Γ C } is the set of boundary edges/faces included into the contact boundary.
For an element K, we will denote by E K the set of edges/faces of K and according to the above notation, we set
For an edge/face E of an element K, introduce ν K,E the unit outward normal vector to K along E. Furthermore, for each edge/face E, we fix one of the two normal vectors and denote it by ν E . The jump of some vector valued function v across an edge/face E ∈ E int h at a point y ∈ E is defined as
Note that the sign of v E depends on the orientation of ν E . Finally we will need local subdomains (also called patches). As usual, let ω K be the union of all elements having a nonempty intersection with K. Similarly for a node x and an edge/face E, let ω x = ∪ K:x∈K K and ω E = ∪ x∈E ω x . The chosen finite element space V h ⊂ V involves standard Lagrange finite elements of degree k with k = 1 or k = 2 (see [11, 17, 22] ) i.e.:
Let us introduce the notation [·] + for the positive part of a scalar quantity a ∈ R:
[a] + = a if a > 0 and [a] + = 0 otherwise. The monotonicity property below holds:
Note that the condition (4) can be straightforwardly extended to real valued functions.
Let γ be a positive piecewise constant function on the contact interface Γ C which satisfies
for every K that has a non-empty intersection of dimension d − 1 with Γ C , and where γ 0 is a positive given constant which we call the "Nitsche parameter". Note that the value of γ on element intersections has no influence. We introduce the discrete linear operator
, and the bilinear form where θ ∈ R is a fixed parameter:
Our Nitsche-based method then reads:
We consider the quasi-interpolation (regularization) operator introduced in e.g. [8, formula (4.11)] and its straightforward extension to the vectorial case, that we denote R h : V → V h . This operator has the following approximation and stability properties:
Moreover R h is stable in the H 1 -norm, i.e.
Proof. Estimates (6) and (7) We next define a convenient mesh dependent norm which is in fact a weighted
We end this subsection with a discrete trace inequality, that will be useful for the analysis (for the proof, see, e.g., [16] ):
Consistency and well-posedness of the Nitsche-based method
We recall two theoretical properties for the Nitsche-based method (5): consistency and wellposedness. These properties, together with optimal a priori error estimates in H 1 (Ω)-norm, are proven in [16] . Like Nitsche's method for second order elliptic problems with Dirichlet boundary conditions or domain decomposition [5] , our Nitsche-based formulation (5) for unilateral contact is consistent:
Lemma 2.4. The Nitsche-based method for contact is consistent: suppose that the solution u of
Problem (5) is well-posed in the following sense and under the assumptions below:
Theorem 2.5. Suppose that either θ = −1 and γ 0 > 0 is sufficiently small, or θ = −1 and
Remark 2.6. When γ 0 is large and θ = −1 we can neither conclude to uniqueness, nor to existence of a solution. In reference [16] there are some simple explicit examples of nonexistence and nonuniqueness of solutions.
3 A posteriori error analysis
Definition of the residual error estimator
The element residual of the equilibrium equation in (1) is defined by
Remark 3.1. For linear elements (k = 1), the term div σ(u h ) vanishes.
As usual this element residual can be replaced by some finite dimensional approximation, called approximate element residual (see, e.g., [2] )
A current choice is to take
and it is then negligible with respect to the estimator η defined hereafter. In the same way g is approximated by a computable quantity denoted g E on any E ∈ E N h .
Definition 3.2. The local error estimators η K and the the global estimator η are defined by
where J E,n (u h ) means the constraint jump of u h in the normal direction, i.e.,
The local and global approximation terms are given by
Upper error bound
First we state a "saturation" assumption that we need in order to prove the estimate (see also [5] in the case of Nitsche for domain decomposition, and [49] for mortar methods).
Assumption 3.3. The solution u of (3) and the discrete solution u h of (5) are such that:
Remark 3.4. Note that for a Nitsche's treatment of (linear) interface conditions, an upper bound for a residual-based estimator has been derived without such an assumption in [27] . Similarly for some classes of mixed non-conforming finite element approximations, an assumption such as 3.3 has revealed to be superfluous, see, e.g., references [12, 36] . However for the method (5) the derivation of an upper bound without such kind of saturation assumption remains an open issue.
The following statement guarantees the reliability of the a posteriori error estimator given in Definition 3.2:
Theorem 3.5. Let u be the solution to the variational inequality (3), with u ∈ (H 3 2 +ν (Ω)) d (ν > 0 and d = 2, 3), and let u h be the solution to the corresponding discrete problem (5) . Assume that, for θ = −1, γ 0 is sufficiently small, and otherwise that γ 0 > 0 for θ = −1. Assume that the saturation assumption (11) holds as well. Then we have
To lighten the notation, we denote e := u − u h . We first use the V-ellipticity of a(·, ·), together with the Green formula, equations (1) and (5) to obtain:
where α is the V−ellipticity constant of a(·, ·) and
The quantity T 1 is an expression which is handled hereafter in a classical way. Namely, by integrating by parts on each triangle K, using the definition of J E,n (u h ) in (10) and splitting up the integrals on Γ C into normal and tangential components we get:
We now need to estimate each term of this right-hand side. For that purpose, we take
where R h is the quasi-interpolation operator defined in Section 2.2. We start with the integral term on elements K. Cauchy-Schwarz's inequality implies
and it suffices to estimate u − v h 0,K for any triangle K. From the definition of v h and (6) we get:
As a consequence
We now consider the interior and Neumann boundary terms in (13). As we previously noticed, the application of Cauchy-Schwarz's inequality leads to
Therefore using expression (14) and estimate (7), we obtain
Inserting this estimate in the previous one we deduce that
Moreover,
The two following terms are handled in a similar way as the previous ones so that
and
Collecting the previous results, we deduce:
The first two terms in T 2 are split using the definition of P γ (·) and P θγ (·), and the last one is split using relationship
. This leads to:
Then we split the second term in the above expression using 1 = θ + (1 − θ) and we gather the resulting terms:
Now we substitute σ n (u) using the reformulation of contact conditions (2) [3, 15] ). This reformulation makes sense in L 2 (Γ C ) due to the regularity assumption u ∈ (H 3 2 +ν (Ω)) d . Afterwards we apply the bound (4) in the first term as well as Cauchy-Schwarz inequality in the second one:
The expression ab ≤ a 2 + b 2 /4 yields, for any β > 0:
Using (9) and the H 1 -stability of R h (see (8) in Lemma 2.1) we bound:
We combine this last bound with the saturation assumption (11) and get
Now we combine estimates (12), (15) and (16):
We treat the first term on the right-hand side with Young's inequality and obtain:
When θ = −1, we choose γ 0 sufficiently small, and for θ = −1, we can choose for instance β = 4Cγ 0 α (for a fixed value of γ 0 > 0, that does not need to be small in this case). We obtain the upper bound on the error in natural norm:
The saturation assumption (11) provides directly a bound on the contact stress error:
For the contact error we make use of the triangle inequality, and of the above inequality:
Collecting the three previous results allows to prove the theorem.
Lower error bound
We now consider the local lower error bounds of the discretization error terms.
Theorem 3.6. For all elements K ∈ T h , the following local lower error bounds hold:
For all elements K such that K ∩ E C h = ∅, the following local lower error bounds hold:
Proof: The estimates of η 1K , η 2K in (17)- (18) are standard (see, e.g., [47] ). The estimate η 3K in (19) is handled in a standard way as in [31] .
The estimate of η 4K in (20) is obtained from the Definition 3.2 and triangular inequality. 
Numerical experiments
We illustrate numerically the theoretical properties of the error estimator η given in Definition 3.2 and compute its convergence order when h vanishes. To study separately global contributions of each component of η we introduce the notation
where the expressions of η iK are provided in Definition 3.2. In all examples below Hooke's law is considered: E and ν P will denote respectively Young's modulus and Poisson's ratio. Moreover a dimensional analysis allows to deduce that γ 0 is the inverse of a stiffness parameter. Consequently we choose in our discussion γ 0 = C/E where C is a constant which does not depend on E. The finite element method (5) as well as the residual estimator η are implemented under the open source finite element library GetFEM++ 1 . For details on numerical solving we refer to [16, 44] .
To measure the quality of the estimator η we introduce the effectivity index:
As in [31] this index has been normalized with respect to Young's modulus E. Indeed, we remark that if u(E) denotes the solution of a (linear) Lamé system with a Young modulus E then u(mE) = u(E)/m whereas σ(u(mE)) = σ(u(E)). Thus the error estimator η is independent of E (for η 4 this property comes from the scaling γ 0 = C/E). In contrast there holds u(mE) − u h (mE)
/m that becomes independent of E for the choice m = 1/E.
First example: a square with slip and separation
Description
We first consider a test case taken from [31] (see also [29, 41] in the frictional case). We consider the domain Ω = (0, 1)×(0, 1) with material characteristics E = 10 6 and ν P = 0.3. A homogeneous Dirichlet condition on Γ D = {0} × (0, 1) is prescribed to clamp the body. The body is potentially in contact on Γ C = {1} × (0, 1) with a rigid obstacle and Γ N = (0, 1) × ({0} ∪ {1}) is the location of a homogeneous Neumann condition. The body Ω is acted on by a vertical volume density of force f = (0, f 2 ) with f 2 = −76518 such that there is coexistence of a slip zone and a separation zone with a transition point between both zones. For error computations, since we do not have a closed-form solution, a reference solution is computed with Lagrange P 2 elements, h = 1/160, γ 0 = 1/E and θ = −1.
First of all we illustrate in Figure 1 the difference between uniform and adaptive refinement. For the latter we refine only the mesh elements K in which the local estimator η K is below a given threshold s = 2.5 × 10 −3 . The minimal (respectively maximal) size of the adaptive mesh is equal to 1/160 (respectively h = 1/40). As expected the rate of convergence with respect to the number of degrees of freedom is far better in the case of adaptive refinement than with uniform refinement. The solution obtained with adaptive refinement and θ = −1 is depicted in Figure 2 . We observe that the error is concentrated at both left corners (transition between Dirichlet and Neumann conditions) and near the transition point between contact and separation. As expected we observe that all the nodes on Γ C have a negative tangential displacement and that Γ C is divided into two parts: the upper part where the body remains in contact (slipping nodes) and the lower part where it is separated, with a transition point near (1, 0.685). The value is close to the transition point (1, 0.69 ± 0.01) found in [31] and (1, 0.65) found in [41] . The slight difference with [41] should be due to Coulomb friction.
Remark 4.1. Note that the solution in the case θ = 1 (see Figure 3) has an error estimator on the contact zone which is larger than in the case θ = −1. In the case θ = −1, the discrete solution is less dependent on the parameter γ 0 than for the other methods (see [16] ) and we obtain a better approximation of the problem on the contact boundary Γ C .
Numerical convergence
We perform a numerical convergence study for three variants of method (5) corresponding to θ = 1, θ = 0 and θ = −1. The Nitsche parameter γ 0 is fixed to 1/E, which should ensure wellposedness and optimal convergence in each case. Lagrange P 1 finite elements are chosen. The reference solution for error computations corresponds to the one described in Section 4.1.1 and depicted in Figure 2 (P 2 finite elements, θ = −1 and adaptive finest mesh). No mesh adaptation is carried out anymore and only uniform refinement is imposed, with a sequence of decreasing mesh sizes h.
First the estimator η, the L 2 and the H 1 -norms of the error u − u h are depicted in Figure 4 . One can note a sub-optimality of the convergence rate in L 2 and H 1 -norms of the error. They are caused by the Neumann-Dirichlet transition on the left corners of Ω (the same observation has been reported in [23] ). Then the different contributions of η are reported on Tables 1, 2 and 3. The convergence rate of η 1 is strictly equal to 1 since, for piecewise linear finite elements, the expression of this estimator reduces to η 1K = h K f K 0,K . More generally, all the estimators η i converge towards zero as h vanishes, and they behave identically whatever the value of θ is (this is due to the low value of γ 0 ). Moreover, the convergence rate of η 2 is slightly less than the one of the H 1 -norm of the error whereas the convergence rates of η 3 and η 4 are far greater, and higher than 1 (we do not have a clear interpretation of this). In all cases, we obtain an effectivity index between 1.2 and 1.6 (the average is close to 1.45 and the standard deviation is close to 0.12). These overall results are quite similar to those presented in [31, 41] . On Figure 5 the numerical experiment is performed for a larger parameter γ 0 = 1000/E. In the case θ = 1 and in the case θ = 0 the convergence rate is degraded compared to the case γ 0 = 1/E. Conversely, in the case θ = −1, the convergence is not deteriorated which confirms the theoretical results obtained in both the a priori analysis in [16] and the a posteriori analysis in Section 3 (see Theorem 3.5). 
The case of a very large γ 0
Additionally we present a numerical convergence study for θ = 1, 0, −1 and for a very large value of the parameter γ 0 = 10 6 /E, far from its reference value of 1/E. In this case for θ = 1 and θ = 0 there is no more guarantee of well-posedness and optimal convergence (see [16] ). The error estimator η, the L 2 and H 1 -norms of the error u − u h are plotted in Figure 6 , while Tables 4, 5 and 6 present the different contributions of η. For the method θ = 0 the solution does not converge while the effectivity index Ef f E tends to 0. This is consistent with our theoretical results since Theorem 3.5 is no more applicable and no upper bound is guaranteed. The estimator η converges despite of the term η 4 , slightly increasing but still very small. For the method θ = 1, even though γ 0 is large, the method converges in L 2 and H 1 -norms of the error with an acceptable effectivity index, however with a deteriorated convergence rate. Conversely, for the method θ = −1, both convergence and effectivity index are optimal and are not deteriorated compared to the case γ 0 = 1/E. This supports its theoretical property of robustness with respect to γ 0 . The previous experiment for θ = 0 reveals the bad behavior of η for a very large γ 0 . An heuristics to recover a meaningful estimator is to decouple the value of γ 0 for the problem (5) and for the estimator η 4 . A last experiment shows in Figure 7 the convergence curves in the same case γ 0 = 10 6 /E yet with an error estimator that makes use of a Nitsche's parameterγ 0 = 1/E. For the methods θ = 1 and θ = −1 this has no visible influence on the effectivity index Ef f E . For the method θ = 0, a better effectivity index is obtained: at least the estimator does not tend to zero for a non-convergent solution, in contrast with what happens in Figure 6 . To summarize, this study for a large γ 0 confirms the analysis provided in Section 3 which requires a sufficiently small parameter γ 0 to obtain a reliable and efficient a posteriori estimator when θ = −1. 
Second example: Hertz's contact
Description
We consider Hertz's contact problems of a disk/a sphere with a plane rigid foundation (see, e.g., the numerical examples in [16, 31] ). The parameters have been fixed as θ = −1 and γ 0 = 10 −3 /E. The disc (resp. the sphere) is of center (0, 20) (resp. of center (0, 0, 20)) and radius 20. The lower part of the boundary Γ C is potentially in contact with the rigid support ; the remaining (upper part) of the boundary Γ N is subjected to a homogenous Neumann condition. To overcome the non-definiteness coming from free rigid motions, the horizontal displacement is prescribed to be zero on the two points of coordinates (0, 20) and (0, 25) (resp. the horizontal displacement components u 1 and u 2 on the point (0,0,20), the component u 1 on the point (0,5,20) and the component u 2 on the point (5, 0, 20) ): this blocks the horizontal translation and the rigid rotation. Young's modulus is fixed at E = 25 and Poisson's ratio is ν P = 0.25. A vertical density of volume forces of intensity 20 is applied in Ω. The reference solutions are depicted in Figure 8 . There are refined solutions with an average mesh size h = 0.10 for the disc (resp. h = 1.27 for the sphere), Lagrange P 2 elements, θ = −1 and γ = 10 −3 /E.
The initial gap between Γ C and the obstacle is computed as gap(x) := x · n obs , where x ∈ Γ C and with n obs the unit outward normal vector on the boundary of the plane obstacle. The error estimator associated to the contact condition on Γ C is then slightly modified: 
Numerical convergence in 2D
The error curves in the 2D case are depicted in Figure 9 , both for linear and quadratic finite elements. In the case of P 1 finite elements, and as in [16] , a slight super-convergence is observed in the H 1 -norm of the error (1.5 instead of 1). This behavior is not recovered by the error estimator η, that converges with a rate close to 1. The origin of this difference is unknown. For P 2 finite elements the agreement between η and the error in H 1 -norm is better: for the H 1 -norm, the convergence rate is close to 1.7, while of approximately 1.5 for η. We observe the same results for the variants θ = 0, 1. Hertz's contact in 2D. Error estimator η and the H 1 -norm of the error u − u h , for Lagrange P 1 (left) and P 2 (right) finite elements.
In Table 7 the contribution of each component η i of η is detailed. Each term of the error estimator converges towards zero when h becomes smaller. Note however the increasing values of the effectivity index, due to the super-convergence in H 1 -norm and the convergence rate of the contribution η 4 , that is close to 1.5. 
Numerical convergence in 3D
The error curves in the 3D case are depicted in Figure 10 , both for linear and quadratic finite elements. For P 1 finite elements the convergence rates for η and for the error in H 1 -norm are close (around 1.3) and slightly above the expected rate of 1. For P 2 finite elements we observe a sub-optimality of the error estimator η, which converges but with a rate of 1, while the error in H 1 -norm remains optimal, with a convergence rate around 1.5. [20] and references therein.
Setting and Nitsche-based finite element method for Tresca
Let g ∈ L 2 (Γ C ), g ≥ 0 be a given threshold. The Tresca friction problem with unilateral contact consists in finding the displacement field u : Ω → R d verifying the equations and conditions (1)-(2 (i,ii,iii))- (21), with (21) given by:
where | · | stands for the euclidean norm in R d−1 . For any α ∈ R + , we introduce the notation [·] α for the orthogonal projection onto B(0, α) ⊂ R d−1 , where B(0, α) is the closed ball centered at the origin 0 and of radius α. The following property holds for all x, y ∈ R d−1 :
where · is the euclidean scalar product in R d−1 . Let us introduce the discrete linear operator P t γ : v h → v h t − γ σ t (v h ) and the bilinear form:
The extension of our Nitsche-based method for unilateral contact with Tresca friction then reads:
Find u h ∈ V h such that:
Consistency, well-posedness and a priori error estimates for the method (23) are established in [14] .
Residual error estimator, upper and lower bound
The Definition 3.2 still holds for problem (23) , except for η 3K whose expression is now:
First we provide counterparts of the Assumption 3.3 and of the discrete trace inequality of Lemma 2.3. Proof: The proof is a direct adaptation of Theorem 3.5. Let v h ∈ V h . To lighten the notation, we denote e := u − u h . We start as in Theorem 3.5 and get α e where α is the V−ellipticity constant of a(·, ·) and
The quantity T 1 is bounded almost exactly as in Theorem 3.5, except for the new Tresca friction term, that is bounded as follows:
Note that the remaining terms in T 2 can be split as
where T C 2 represents the contact terms and T T 2 contains the Tresca friction terms. The contact terms T C 2 are handled as in Theorem 3.5. Moreover, we can bound the friction terms T T 2 in a similar fashion, following step by step the proof of Theorem 3.5 and using the bound (22) . We get finally for any β > 0:
Using (25) and the H 1 -stability of R h (see (8) in Lemma 2.1) we bound:
We combine this last bound with the saturation assumption (24) and get (remembering that the same result holds for the contact terms T C 2 ):
From now on the proof is exactly the same as in Theorem 3.5.
Remark 4.5. An extension of Theorem 3.6 holds as well for Problem (23) and similar local lower error bounds can be derived following the same method. The only difference is that the term η 3K is bounded as follows:
